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Preface

In most of studies, social networks are modeled and represented as deterministic graphs
with a set of nodes as individuals and edges as connection between individuals of networks.
However, structural and behavioral parameters of social networks are time-varying
parameters due to the uncertain, unpredictable and dynamic nature of users’ activities in
social networks. Therefore, using deterministic graphs for modeling and analyzing social
may not be appropriate. Recently, stochastic graph in which weights associated with edges
are random variables is suggested as a better candidate as a graph model for real-world
network applications with time-varying nature for social network analysis. By choosing
stochastic graph as a graph model of a social network, it is called stochastic social network
and also every aspect of network such as concepts, centrality measures, and algorithms are
treated stochastically. In this book, we first redefine several networks measures for
stochastic social networks and then introduce some intelligent algorithms for computation
of network measures for social network analysis under the situation that the weights
associated with the edges of the network are random variables with unknown probability
distribution functions. Intelligent algorithms can guide the process of sampling the edges of
the network in order to provide good estimates for the probability distribution functions of
the edges of the network. Finaly, In order to study the performance of the introduced
measures and algorithms, experimental studies on different stochastic social networks are
also conducted.
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Chapter 1. Introduction

Chapter 1

INTRODUCTION

In recent years, online social networks such as Facebook and Twitter have provided simple
facilities for online users to generate and share a variety of information about users’ daily
life, activities, events, news and more information about their real worlds. Online social
networks similar to many real world networks are usually modeled and represented as
deterministic graphs with a set of nodes as individuals and edges as connection between
individuals of networks. In social networks analysis, when networks are modeled as
weighted or unweight deterministic graphs, one can study, characterize and analyze the
statistical characteristics and the dynamical behaviors of the network by some network
measures (Costa et al. 2007; Wasserman 1994; Z. Liu et al. 2015). Popular network
measures such as degree, betweenness, closeness and clustering coefficient are originally
defined for deterministic graphs. These network measures not only used in characterization
of networks but also used as a part of some algorithms such as Girvan-Newman community
detection algorithm using high betweenness edges (Girvan and Newman 2002), overlapping
community detection using nodes’ closeness (Badie et al. 2013) and finding the outstanding
nodes as a set of seed nodes for maximization of the spread of influence in social network to
introduce and promote a new products, services, innovations or technologies (Kempe,
Kleinberg, and Tardos 2003), to mention a few.

Online social networks are intrinsically non-deterministic and their structures or
behaviors have unpredictable, uncertain and time varying nature and for this reason
modeling those using deterministic graph models with fixed weights are too restrictive to
solve most of the real network problems and also may lose real information of network due
to non-deterministic nature of real world networks. For example in online social networks
the activities of users such as friendship behaviors, liking a comment on a post in Facebook,
visiting user profiles, rating recommendations, asking questionnaires, frequency of
notifying events, and frequency of sharing a news, to name a few, vary over time with
unknown probabilities (Jin et al. 2013). Analyzing online social networks with deterministic
graph models cannot take into consideration the continuum and change of activities of the
users occurring over time. Even modeling social networks with weighted graphs in which
the edge weights are assumed to be fixed weights considers only a snapshot of a real-world
network and is not valid when the tasks/activities on networks vary with time. Moreover, in
analyzing online social networks not only understanding the structure and topology of the
network is important but the degree of association among the users in network is also
important for social network analysis.
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In online social networks, studying networks using understanding the central users
according to social relationship between users is one of the basic analyses and can be
applied for identifying influential users for maximizing the spread of influence through a
social network. The central users such as influential spreaders of network may not
necessarily be a user with the maximum number of friends at a particular time; rather the
behavior of user activities over time is more important than the number of friends of users.
For example, many users share their daily life activities such as photos, videos, news or
collaborates a scientific paper with their friends or colleagues through online social network
services. These shared items and activities of audiences such as their likes, comments,
joining to communities and making citations to a scientific paper may change over time and
have an impact on the behavior of other users’ activities to become interested in favorite
items of their friends or collaborators.

Modeling user behavior of online social networks in quantitative manner is important for
understanding user interactions and is a challenging task due to the variety of user
interactions on the structure of social networks and abundance of data from some online
social networks. Several research works regarding modeling user behavior in quantitative
manner have been reported in the literatures such as distribution of the number of messages
sent by a user in Facebook (Golder, Wilkinson, and Huberman 2007), distribution of user’s
lifetime in Flickr and LinkedIn (Leskovec et al. 2008), distribution of time gap between link
creations in Facebook (Nazir, Raza, and Chuah 2008), distribution of members of the
communities frequently interact with each other in Facebook (Nazir, Raza, and Chuah
2008), distribution of followers in Twitter (Kwak et al. 2010), distribution of discussion
sizes and user participation levels in Bulletin board system social network (Ding et al.
2010), distribution of number of followers who followed popular contents in Twitfer and
YouTube (Falck-Ytter and Overby 2012), distribution of the number of posts in Twitter
(Morales, Losada, and Benito 2012), distribution of number of daily active users using some
applications in Facebook (H. Liu et al. 2013), and distribution of lifetime of tweets in
Twitter (Bild et al. 2015), to name a few. A summary of the researches conducted on
modeling user behavior of online social networks are given in chapter 2.

In this book, according to the aforementioned points, we introduce stochastic social
network by suggesting stochastic graph in which weights associated with edges are random
variables as a better candidate as a graph model for the real-world network applications with
time varying nature. By choosing stochastic graph as a graph model, every aspect of
network such as graph problems, network centrality measures, models and algorithms
should be treated stochastically. For example, choosing stochastic graph as the graph model
of an online social network and defining community structure in terms of clique, and the
associations among the individuals within the community as random variables, the concept
of stochastic clique may be used to study community structure properties. When an online
social network is modeled as stochastic graph, influence spreading using the concept of
cover and the influence associations among the users as random variables, the concept of
stochastic cover may be more appropriate for investigating spreading properties.

2
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In this book, we first redefine several concepts and definitions such as network centrality
measures for stochastic networks which have been already defined for deterministic
networks. Then develop learning automata based algorithms for computation of centrality
measures under the situation that the weights associated with the edges of the network are
random variables with unknown probability distribution functions. Learning automata is
utilized in these algorithms to guide the process of sampling the edges of the network in
order to provide good estimates for the distribution of the edges and also distribution of the
network measures. In the proposed algorithms, the guided sampling process implemented
by learning automata aims to take more samples from the promising region of the graph, the
regions that reflects higher rate of activities, instead of walking around and taking
unnecessary samples from non-promising region of the graph. We show that by using
learning automata, the number of samples needed to be taken from the edges of the graph by
the guided sampling algorithms is significantly lower than the required number of samples
needed to be taken from the edges of the graph when the standard sampling method is used.

In this book, we assume that the structural and behavioral parameters of online social
networks are time varying parameters observable by the network. Using the observed
parameters, the network computes different measurements (e.g., strength, closeness,
betweenness and etc.) in an ongoing fashion. The algorithms introduced in this book can be
used by the network as a means for observing the time varying parameters of the network
for the purpose of network’s measurements computations or any analysis applications. The
aim of these algorithms are to collect information as time passes from the network in order
to provide good estimates for the network’s measurements or analysis applications using
fewer numbers of samples than that of standard sampling methods.

1.7. Organization of the book

This book consists of seven chapters dedicated towards using stochastic social network for
social network analysis. To this end, we redefine a number of concepts and measures in
social networks when modeled as stochastic graphs. We also design algorithms for
computation of measurements in stochastic graphs when stochastic graphs are used to model
social networks.

Chapter 2. This chapter provides the necessary background and gives a brief introduction
to social network analysis, stochastic graphs, network measures, user activities in social
networks, and the theory of learning automata.

Chapter 3. This chapter argues about the time-varying nature of social network parameters
and then redefines the network measures already defined for deterministic network for
stochastic network. Also, in this chapter, learning automata-based algorithms for
computation of network measures for stochastic graphs will be introduced. The
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mathematical studies on the distribution of network measures in stochastic graphs are also
given.

Chapter 4. This chapter gives the summary of the book contributions and suggests possible
avenues for future directions relevant to the research problems.
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Chapter 2

BACKGROUND

In this chapter, to provide the necessary background, we present a brief description of some
basic definitions, concepts about social networks, stochastic graphs, network sampling and
network measures for deterministic unweighted and weighted networks. We also briefly
review the studies performed by the researchers about the stochastic graph problems,
network sampling and distributions of user behaviors and activities of users in online social
networks. At the end of this section, learning automata and its variants are introduced.

2.7. Social networks

Internet and Web continuously transform the way how information is generated and spread
in daily lives of people. In recent years, online social networks (OSN) such as Facebook and
T'witter have been provided simple facilities for online users to generate share and spread a
variety of information about users’ daily life, activities, events, news and more information
about their real worlds through OSN which lead today a large amount of information is
being generated and spread in little time. Studying and characterization of the main features
of online social networks plays a significant role for analysis of online social networks. For
such analysis objectives, online social networks similar to many real world networks are
usually modeled and represented as deterministic graphs with a set of nodes as users of
social networks and edges as kind of relations between users of social networks. Plenty of
studies have been done on the capturing the structural and dynamical characteristics of
complex social networks in various applications (Zheng et al. 2015; Wang, Zuo, and Wang
2016; Zhang 2016; Zhao, L1, and Jin 2016) and lots of real networks are found to show the
small-world property (Watts and Strogatz 1998), a power-law degree distribution (Watts
and Strogatz 1998) or existence of community structures (Fortunato 2010) in networks. The
existing research works for studying and analysis of social networks in the literature shows
that the most of graph models are usually assumed to be a deterministic graph with fixed
weights for its edges or nodes, however online social networks are intrinsically non-
deterministic and their structures or behaviors such as online activities of users have
unpredictable. uncertain and time varying nature, thus deterministic assumptions for graph
model of online social networks with fixed weights are too restrictive to solve most of the
real network problems and may lose real information of network due to non-deterministic
nature of real world networks. For example in online social networks, the activity behaviors
of online users such as following friends, taking a comment on a wall post, liking
comments on a given post, posting status posts, visiting user profiles, rating
recommendations, asking questionnaires, frequency of notifying events, and frequency of
sharing a news, to name a few, vary over time with unknown probabilities (Jin et al. 2013).

h
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Analyzing online social networks with deterministic graph models cannot take into
consideration the continuum and variety of activities of the users occurring over time. Even
modeling complex social networks with weighted graphs in which the edge or node weights
are assumed to be fixed weights considers only a snapshot of a real-world network and it is
not valid when the activities and behavior of users on networks vary with time.

In online social networks, studying networks using understanding the central users
according to social relationship between users is one of the basic analyses and can be
applied for identifying influential users for maximizing the spread of influence through a
social network. The central users such as influential spreaders of network may not
necessarily be a user with the maximum number of friends at a particular time; rather the
behavior of user activities over time is more important than the number of friends of users.
For example, many users share their daily life activities such as photos, videos, news or
collaborates a scientific paper with their friends or colleagues through online social network
services. The shared items and activities of audiences such as their likes, comments, joining
to communities and making citations to a scientific paper which may change over time and
have an impact on the behavior of other users’ activities to become interested in favorite
items of their friends or collaborators. In online social networks, the degree of friendship
among the users changes directly with the weights of their edges to one another over time,
and 1t 1s clear that sometimes some edges with high weights are more important than that of
some others because they are more accessible and willing to communicate or taking
friendship activities. In contrast, there are sometimes the same users are in holidays and
have their contributions in their social graph have a less edge weight because they are less
accessible and decreased their activities in online social networks.

?.7. User activities in social networks

Since, generating and sharing information through social networks are done by users; the
online users have become the main features of online social networks. In general, activities
of users in most online social networks can be included doing the social relationship with
their friends, answering an online questionnaire, joining in online communities,
participating in an online discussion, posting and sharing new favorite contents (e.g..
photos, music, videos, scientific papers, services, and etc.), visiting a user profile and its
contents, taking comment or like on a post. Studying how users behave and interact with
their friends in online social networks play a significant role in social network analysis for
several reasons (Buccafurri et al. 2015: Shen, Brdiczka, and Ruan 2013; Zhu, Su, and Kong
2015). In some fundamental studies, researchers can generate synthetic graphs similar to
real networks in order to further simulations and investigation on a number of phenomena
using a computer generated graph models in order to exploit the structures and dynamics of
networks and their user behaviors in a systematic manner. In viral marketing, companies
can exploit user behavior models and then spread or promote their new products or services
to predict the user interactions and process of adoption of an idea or spread them. In some
knowledge based researches, understanding the patterns of user participations to generate

6
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new contents and propagate information on the networks via users is very imperative in
order to detect active users from spamming users, attract new users and keep some users,
predict the trends of topics in user communities, and perform efficient content management
in their basic system requirements. Modeling user behavior and human activities of online
social networks in quantitative manner 1s also important for understanding user interactions
and is a challenging task due to the variety of user interactions on the structure of online
social networks and abundance of data from some online social networks. In recent years,
several research works regarding user behavior modeling, characterizing the distribution of
user behaviors and user activities and statistical observations from online users have been
reported in the literatures, some of which are pointed out in the rest of this section.

Golder et al. (Golder, Wilkinson, and Huberman 2007) analyzed the interactions among
Facebook users. Their observations discovered strong daily and weekly patterns and found
that the communication of the users is clustered mostly based on the universities. They
reported that the interactions occurred almost exclusively among friends and only small
percentages of friends interact with other friends which results in the distribution of number
of messages sent by a user followed a power-law distribution. Leskovec et al. (Leskovec et
al. 2007) analyzed about 45 thousands blogs and 2.2 million postings, they reported that the
popularity of posts drops with a Power-law, instead of exponentially and the size of the
cascades distribution follows a perfect Zipfian distribution. Leskovec et al. (Leskovec et al.
2008), also focused directly on the microscopic node behavior of four large online social
network datasets (Flickr, Delicious, Yahoo Answers, and LinkedIn). They observed that
user’s lifetime follows exponential distribution, time gap between link creations follows a
Power-law with exponential cutoff and user activity is uniform over its lifetime or decreases
with time exponentially. Nazir et al. (Nazir, Raza, and Chuah 2008) presented three
applications for Facebook to measure the behavior of the users. The authors detected
communities, the members of the communities frequently interact with each other and
several kinds of human activities were monitored. Based on the measurements, they showed
that the popularity of the applications follows a power-law distribution with an exponential
decay.

Guo et al. (Guo et al. 2009) analyzed the patterns of user content generation in online
social networks. They identified three groups of users. The first group is users with distinct
posting behaviors including steadily posting inactively posting, and the second group is
users with occasional posting in the network. They found that the overall user lifetime does
not follow the exponential distribution and also the distribution of different users” posting
activities does not follow Power-law distributions rather it follows the stretched exponential
distribution similar to the reference rank distribution of objects in Internet media systems,
including viral video social networks such as YouTube. Kwak et al. (Kwak et al. 2010)
crawled the entire 7Twitfer site and obtained user profiles, social relations, trending topics
and tweets. In their analysis on follower-following topology, they found that the distribution
of followers is not power-law; rather the distribution of the users in a Retweet tree follows
power-law distribution. Gyarmati et al. (Gyarmati and Trinh 2010) analyzed the degree

7
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distribution of nodes for online sessions of users in Bebo, MySpace, Netlog, and Tagged
based on the crawled public part of users’ profile pages, which contained online status
information of the users. They revealed that the time spent online by users follows a
Weibull distribution that a fraction of users tend to lose interest surprisingly fast soon after
subscribing to the service. They claimed that the distribution of session times of users and
the number of sessions can be modeled with power-law distributions.

Ding et al. (Ding et al. 2010) studied behaviors of users in the Bulletin board system
social network by analyzing the read and reply data and found that the distributions of
discussion sizes and user participation levels follows a power-law distribution. Galuba et al.
(Galuba et al. 2010) analyzed the information propagation in Twitfer and investigated the
propagation of URLs through posts. They found that posting frequencies followed a power-
low distribution across users and URLs. Also the authors based on the obtained datasets
proposed a model that predicts the propagation of information. Falck-Ytter et al. (Falck-
Ytter and Overby 2012) compared the number of followers who followed popular contents
in Twitter and YouTube. Their observations show that Zipf's law was not suitable to
describe followers in Twitter. In contrast, it was suitable to describe YouTube viewers.
Zhong et al. (Zhong et al. 2012) studied user behavior and interests in different online social
networks and observed that they influenced one another. Besides, only small fraction of
users actually participated in many activities in online social networks which resulted in a
distribution of users with a long-tail property. Morales et al. (Morales, Losada, and Benito
2012) analyzed the effects of user behavior on social structure emergence using the
information flow on Twitfer and found that community structure was formed inside the
network. In addition, the distribution of the number of posts by users was shown to fit an
exponentially truncated Power-law.

Yan et al. (Yan, Wu, and Zheng 2013) explored the behavior of users in posting
microblogs systems and realized that the interval time distribution of people posting did not
fit a normal distribution, rather it was a power-law distribution. Liu et al. (H. Liu et al.
2013) found that the number of daily active users using some applications in Facebook
follows a power-law distribution. Feng et al. (Feng et al. 2013) explored pin distribution
(visual bookmarks of images) and board distributions as well as number of comments, likes,
repins In Pinterest and discovered that those characteristics follows a Power-law.
Vongsingthong et al. (Vongsingthong et al. 2015) tracked the activities of some users in a
Facebook through a questionnaire. Their observation on the user activities such as posting
photos and videos, visiting popular pages and friend profiles, playing online game, and
questioning on products follows a Power-law distribution. Bild et al. (Bild et al. 2015),
studied empirically aggregate user behavior using an exhaustive observations on Twitter
with a focus on quantitative descriptions. They found that the lifetime tweet distribution is a
type-1l discrete Weibull stemming from a Power-law hazard function, that the tweet rate
distribution, although asymptotically Power-law, exhibits a lognormal cutoff over finite
sample intervals, and that the inter-tweet interval distribution i1s a Power-law with
exponential cutoff.
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The summary of studies for type of user behaviors/activities of online social networks
and their respective distributions are given in Table 2-1.

Table 2-1. Summary of studies for user behaviors and their respective distributions.

References Network Type of user activity or behavior Type of Distribution

(Kwak et al. 2010) Twitter The number of friends Power-law distribution

(Bild et al. 2015) Twitter Tweet rates, Retweet rates Power-law distribution

(Guo et al. 2009) Answers Overall user lifetime, different Stretched exponential
users’ posting activities distribution

(Golder, Wilkinson, Facebook Number of messages sent by a user  Power-law distribution

and Huberman 2007)

(Leskovec et al

Delicious, Flickr,

User’s lifetime

Exponential distribution

2008) Answers,
LinkedIn
(Nazir, Raza, and Facebook Popularity of the social Power-law distribution
Chuah 2008) applications among users with an exponential
decay
(Mazir, Raza., and Facebook Number of unique users that visit Power-law distribution

Chuah 2008)

(Cha et al. 2007)

(Gyvarmati and Trinh
2010)

(Gvarmati and Trinh
2010)

YouTube, Daum

Bebo, MvSpace.
Netlog, Tagged

Bebo, MySpace,
Netlog, Tagged

the application least once during
a given day

The popularity distribution of user
generated video

Time spent online by users

Session times of users

The number of sessions

with an exponential
cutoff

Power-law distribution
with an exponential
cutoff

Weibull distribution

Power-law distribution

(Ding et al. 2010) TianYa BBS Discussion sizes and user Power-law distribution
participation levels
(Falck-Ytter and  YouTube YouTube viewers Zipt's law distribution
Overby 2012)
(Morales, Losada, Twitter The number of posts by users Exponentially truncated
and Benito 2012) Power-law distribution
(Yan, Wu, and Zheng Sina Interval time distribution of people  Power-law distribution
2013) posting
(H. Liu et al. 2013) Facebook The number of daily active users Power-law distribution
using applications
(Feng et al. 2013) Pinterest Pin distribution, visual bookmarks  Power-law distribution
ol images, board distributions,
number of comments, likes and
repins
(Vongsingthong et al.  Facebook Posting photos and videos, visiting  Power-law distribution
2015) popular pages and friend
profiles, Playing online game,
and questioning on products
(Galuba et al. 2010) Twitter Posting frequencies across users Power-law distribution
and URLs
(Bild et al. 20135) Twitter Lifetime tweel Type-II discrete Weibull
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distribution
(Bild et al. 2015) Twitler Inter-tweet interval Power-law distribution
with exponential cutofl

2.3. Stochastic graphs

A weighted undirected graph can be described by a triple G=(V, E, W) where V={v,, va, ...,
v,; 1S the set of nodes, E={e;} V<)V 1s the edge-set in which e, indicates a connection
between node v, and node v, and W is a matrix in which w;, 1s a weight associated with the
edge between nodes v; and v, if such an edge exists. Graph G is said to be stochastic if
weight w;, associated with edge ¢, is a random variable with the probability density function

(PDF) q,.

The set of nodes V' can represent users in social networks, authors in citation networks,
friends in friendship networks or airline terminal in transportation networks. An edge in
edge-set E can represent a type of a connection, relationship, task, activity or flow which
can be generated, produced, transferred or terminated through the edges of graph. The
weights may be defined according to the tasks/activities on an edge between two nodes such
as strength activities between two users in online social networks that it is not always
deterministic, the number of collaborations (co-authoring a paper) between scientist authors
that may change over time, the amount of trust between friends that varies with time or the
links in a communication network that may be affected by collisions, congestions,
interferences or some other factors. The weights of connections in real world networks
activities for each mentioned process may vary over time. Hence, it seems better to
represent these networks as stochastic graphs where the weights associated with the nodes
or edges are random variables rather than deterministic graphs.

Torkestani et al. (J. A. Torkestani and Meybodi 2012a) designed a learning automata-
based heuristic algorithm to solve the minimum spanning tree problem in stochastic graphs
in such a way that the algorithm determines the edges that must be sampled at each stage.
Furthermore, he defined a variant version of spanning tree problems as the stochastic min-
degree constrained minimum spanning tree problem and then proposed a decentralized
learning automata-based heuristic to solve it (Javad Akbari Torkestani 2013).

Torkestani et al. presented several learning automata-based algorithms to solve the
minimum weakly connected dominating set problem in a stochastic graph (J. Torkestani and
Meybodi 2010). Also they introduced the stochastic version of the minimum connected
dominating set problem in vertex weighted graphs, then, they proposed several learning
automata-based algorithms for solving the problem. They claimed that their algorithm
guaranteed neither the domination of all the graph nodes nor the connection of the
dominators (J. A. Torkestani and Meybodi 2012b). Moradabadi et al. modeled the time
series link prediction problem in online social networks as a stochastic graph problem by
considering different similarity metrics and link occurrence over time, concurrently. Their
solution 1s established based on a team of continuous action set learning automata for
solving a stochastic graph problem (B. Moradabadi and Meybodi 2016).

10
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2. 4. Network measures for deterministic social networks

Network measures and computing them play a significant role in social network analysis
(Borgatti 2005). Popular network measures such as degree, betweenness, closeness and
clustering coefficient not only used for evaluating the node importance in actual complex
network studies but also used as a part of some algorithms such as Girvan-Newman
community detection algorithm using betweenness (Girvan and Newman 2002),
overlapping community detection using node closeness (Badie et al. 2013). In this section
some of well-known network measures for deterministic networks are introduced.

2.4.17. Degree

Degree as a basic network measure has been widely used in many studies and degree of
node v; defined in binary network (also called unweighted network) as follows

ki = ZHEE ; (2-1)

where j is the index of all other nodes of graph and a;; is 1 if node v; is adjacent to node v,
and 0 otherwise. In other words, degree of node v, is the number of nodes that directly
connected to node v;. Degree centrality is useful in the context of finding the single human
which gets affected by the diffusion of any information in the network. It follows from the
fact that the human with high degree centrality has the chance of getting affected from many
numbers of sources (Freeman 1979).

2.4.7. Strength

Node strength of node v; is defined as the sum of adjacent edge weights for weighted
network as follows

=) wy (2-2)
J=i

where wj; is greater than 0 if node v; is adjacent to node v; and its value indicates the weight
of edge between node v, and node v,. Similar to degree, a human with high strength
centrality 1s known as popular human with high strength links to other humans; however a
human with high strength may not consist of necessarily the maximum number of friends.
Strength centrality 1s useful 1n the context of finding a human which gets affected by the
amount of spreading of any information in the network (Freeman 1979).

7 4.3 Closeness

Closeness of a node is the inverse sum of shortest paths to all other nodes from that node
and defined for binary network with » nodes as follows

- (2-3)
2j= dij

where dj; is the length of shortest path between node v; and node v,. Closeness can be

regarded as a measure of how long it will take to spread information from that node to all

11
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other nodes sequentially. Since, the spread of information can be modeled by the use of
shortest paths, in applications such as spread of information, a human with high closeness
centrality can be considered as the central point because that human can spread the
information faster than other human with lower closeness centrality (Freeman 1979).

7 4.4 Betweenness

Betweenness of a node is the number of shortest paths from all nodes to all other nodes of
graph that pass through that node. Betweenness of node v; is defined for binary network as
follows

froes Gs¢ (i) (2-4)
st
where g, is the number of shortest paths between all pair of nodes of source node v, and
destination node v, in a binary network and g.(/) is the number of those paths that pass

through node v,. Since, a node with high betweenness centrality will typically be the one
which acts as a bridge between many pairs of nodes, the betweenness introduced as a
measure for quantifying the control of a human on the communication between other
humans in a social network. In this conception, humans that have a high probability to occur
on a randomly chosen shortest path between two randomly chosen humans have a high
betweenness. Betweenness can be regarded as a measure of how to control Information
flows over communication links. Also, Information flows could be dominated by humans
with high betweenness centrality in a network (Freeman 1979; Newman 2003).

2.4.5. Clustering coefficient

The clustering coefficient for node v, is defined as a proportion of the number of all edges
among its neighbors over the possible number of edges between them. The local clustering
coefficient for a node v, in binary network can be defined as follows

1
CC(i) = Z a;;. ;- a; -5
( ) ki(k:: - 1) Vi VREN; e TtheEIh ( )

where k; is the degree of node v;, n is the total number of nodes of graph, N; is the set of
nodes v; adjacent to node v; and g, is 1 if node v, is adjacent to node v,, and 0 otherwise. The
clustering coefficient of a node is a measure of the connectivity among the neighborhood of
the node (transitivity of a node). A human with high clustering coefficient indicates the high
tendency of that human to form cluster with other humans. In other words, the clustering
coefficient measures transitivity of a network. And also, most of the friends of a human with
high clustering coefficient can collaborate with one another even if the focal human is
removed from the network.

2.5. Learning automata theory

Reinforcement learning or learning with a critic is defined by characterizing a learning
problem, instead of characterizing the learning methods (Sutton and Barto 1998). Any

I
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method that is well suited to solve that problem is considered as a reinforcement learning
method. The reinforcement learning problem is the problem of learning from interactions in
order to achieve a certain goal. Considering this specification for the reinforcement learning
problem, there must be an agent capable of learning, called the learner or the decision-
maker. The learner must interact with a so-called environment or teacher, comprising
everything outside of the learner, which provides evaluative responses to the actions
performed by the learner. The learner and the environment interact continually; the learner
selects actions and the environment responds to the selected actions, presenting new
situations to the learner. In short, reinforcement learning is a framework of the learning
problems in which the environment does not indicate the correct action, but provides only a
scalar evaluative response to the selection of an action by the learner.

2.5, 7. Learning automata

Learning automaton (LA) as one of computational intelligence techniques have been found
very useful tool to solve many complex and real world problems in networks where a large
amount of uncertainty or lacking the information about the environment exists (A.
Mousavian, Rezvanian, and Meybodi 2013; J. A. Torkestani 2012; Mahdaviani et al. 2015;
Aylin Mousavian, Rezvanian, and Meybodi 2014; Khomami, Rezvanian, and Meybodi
2016; Mirsaleh and Meybodi 2016a; Zhao et al. 2015). A learning automaton is a stochastic
model operating in the framework of the reinforcement learning (Kumpati S. Narendra and
Thathachar 1989; M. A. L. Thathachar and Sastry 2004). This model can be classified under
the reinforcement learning schemes in the category of the temporal-difference (7'D) learning
methods. TD learning is a combination of the Monte Carlo ideas and the dynamic
programming ideas. Like Monte Carlo methods, 7D methods can learn directly from raw
experience without a model of the environment's dynamics. Like the dynamic programming,
T'D methods update estimates based in part on the other learned estimates, without waiting
for a final outcome (Sutton and Barto 1998). Sarsa (Rummery and Niranjan 1994), Q-
learning (Watkins 1989), Actor-Critic methods (Barto, Sutton, and Anderson 1983) and R-
learning (Schwartz 1993) are other samples of 7D methods. Learning automata differ from
other 7D methods in the following two ways; the representation of the internal states and
the updating method of the internal states.

The automata approach to learning can be considered as the determination of an optimal
action from a set of actions. A learning automaton can be regarded as an abstract object that
has a finite number of actions. It selects an action from its finite set of actions and applies it
to an environment. The environment evaluates the applied action and sends a reinforcement
signal to the learning automaton (Figure 2-1). The reinforcement signal provided by the
environment is used to update the internal state of the learning automaton. By continuing
this process, the learning automaton gradually learns to select the optimal action, which
leads to favorable responses from the environment.
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ol &)

Learning Random
Automaton Environment

e

Figure 2-1. The interaction of a learning automaton and its environment.

A learning automaton is a quintuple (&, @, f, F, G) where = { @), . ..., &} is the set
of actions that it must choose from, @ = (@, @, ...,®D,) is the set of states, = {8, P ...,
S} 1s the set of inputs, G: @ —« is the output map and determines the action taken by the
learning automaton if it is in the state @, and F: @ x f— @ is the transition map that

defines the transition of the state of the learning automaton upon receiving an input from the
environment.

The selected action at the time instant &, denoted by a(k), serves as the input to the
environment which in turn emits a stochastic response, Ak), at the time instant k, which 1s
considered as the response of the environment to the learning automaton. Based upon the
nature of £, environments could be classified in three classes: P-, Q-, and S-models. The
output of a P-model environment has two elements of success or failure. Usually in P-model
environments, a failure (or unfavorable response) is denoted by 1 while a success (or a
favorable response) 1s denoted by 0. In Q-model environments, £ can take a finite number of
values in the interval [0,1] while in S-model environments, f lies in the interval [0, 1].
Based on the response A k), the state of the learning automaton @(k) i1s updated and a new
action is chosen at the time instant (k+1). Learning automata can be classified into two main

classes: fixed and variable structure learning automata (VSLA) (Kumpati S. Narendra and
Thathachar 1989) which is used in this book.

A simple pseudo-code for updating probabilities of a learning automaton in a stationary
environment with fe {0,1} and r actions is presented in Figure 2-2.

Algorithm 2-1. Learning automaton

Input: Action-set «
Output: Action probability vector p
Assumptions
Initialize r-dimensional action-set: & ={a,. &>, ..., a,} with r actions

Initialize r-dimensional action probability vector p(k) = {py. 0, ... P} = {i,i, :1} at instant &

14
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Let / denotes the selected action by the automaton
Let j denotes the current checking action
Begin
While (automaton converge to an action)
The learning automaton selects an action based on the action probability vector p.
The environment evaluates the selected action and gives the reinforcement signal Se{0, 1} to the
learning automaton.
Update the probability vector p(&)
For each action je {1, ....r} Do
If (7=0) // favorable response
The selected action by learning automaton is rewarded according to equation (2-6)
Else If ([}=1) // unfavorable response
The selected action by learning automaton 1s penalized according to equation (2-7)
End If
End For
End While
End Algorithm

Figure 2-2. Pseudo-code of action probability vector update of a learning automaton.

Learning automata have several good features, which make them suitable for using in many
applications. Main features of learning automata are stated below

1.

Lid

Learning automata can be used without any priori information about the underlying
application.

. Learning automata are very useful for applications with large amount of uncertainty.

. Unlike traditional hill-climbing algorithms, hill-climbing in learning automata is done

in expected sense in a probability space.

. Learning automata require a very little and simple feedback from their environment.

5. Learning automata are very useful in multi-agent and distributed systems with limited

intercommunication and incomplete information.

. Learning automata are very simple in structure and can be implemented easily in

software or hardware.

7. The action set of learning automata can be a set of symbolic or numeric values.

8. Optimization algorithms based on learning automata don't need the objective function

to be an analytical function of adjustable parameters.

. Learning automata can be analyzed by powerful mathematical methodologies. It has

been shown that learning automata are optimal in single, hierarchical, and distributed
structures.

10. Learning automata require a few mathematical operations at each iteration so it can

be used in real-time applications.

11. Learning automata have flexibility and analytical tractability needed for most

applications.
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2.0.7. Fixed-structure learning automata

The learning automaton is called fixed-structure if the followings are fixed: 1. the
probability of the transition from one state to another state and 2. the action probability of
any action in any state. Examples of the fixed-structure LA are L,N,, G,N,, Krylov, and
Krinsky (Kumpati S. Narendra and Thathachar 1989) which has been used in many
applications such as adaptation of the back-propagation algorithm parameters.

2.5.3. Variable-structure learning automata (VSLA)

A VSLA 1s represented by a 6-tuple (£ ¢, o, P. G, T), where  denotes the set of inputs, ¢ 1s

a set of internal states, « is the action sets as output, P is the state probability vector
governing the choice of state as each instant &, G is the output mapping, and T is the
learning algorithm (also known as learning scheme). The learning algorithm T refers to a
recurrence relation which is used to update the action probability vector. Let a;(k)€ a be the
action that is chosen by a learning automaton and p(k) is the probability vector defined over
the set of action at instant k. At each instant k, the action probability vector p(k) is updated
by the linear learning algorithm given in equation (2-6) if the chosen action a(k) is
rewarded by the random environment (/=0) and it is updated according to equation (2-7) if
the chosen action is penalized (5=1).

3 pj(k)+a[l—pj(k}] j=i
(1-b)p;(k) J=1
(2-7)

pi(k+1) = (rE1)+(1—b)P;(k) Vi i

where a denotes reward parameter which determines the amount of increases of the
action probability values, b is the penalty parameter determining the amount of decrease of
the action probabilities values and r is the number of actions that learning automaton can
take. If a=b, the learning algorithm is called linear reward-penalty (Lpp) algorithm; if b=ea

where 0<g<1, then the learning algorithm is called linear reward-g-penalty (L) algorithm;
and finally if $=0, the learning algorithm is called linear reward-Inaction (Ly;) algorithm
which is perhaps the earliest scheme considered in mathematical psychology.

2.0.4. Learning automata with variable number of actions

In variable action-set learning automata (also called a learning automaton with variable
number of actions) the number of available actions that can be taken by the learning
automaton at every instant can be changed with time (M. Thathachar 1987). In variable
action set learning automata, at each instant &, a learning automaton selects an action based
on the scaled action probability vector p(k) defined as
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pilk) =B 2-8)

where K (k) is the sum of the probabilities of the available actions at instant &, and p(k) =
Probla(k) = o;]. And then the selected action performed on the environment. After
receiving the reinforcement signal, the LA will similarly update probability vector of
available actions via learning algorithm given in equations (2-6) and (2-7). Finally, the

probability vector of available actions p(k + 1) is rescaled as follows

pi(k +1) = p;(k + 1). K (k) (2-9)
The pseudo-code of probability update of a variable action set learning automaton is shown
in Figure 2-3.

Algorithm 2-2. Variable action-set learning automata

Input: Action-set
Output: Action probability vector p
Assumptions
Initialize r-dimensional action-set: o ={ ., a5, ..., a,} with » actions
Initialize r-dimensional action probability vector p(k) = {p, s, ... Py} = [?ijl ?i} at mstant &
Let i denotes the selected action by the automaton
Let j denotes the current checking action
Begin
While (automaton converge to an action)
Calculate available actions of learning automaton
Calculate the sum of the probability of available actions
For each actionje{l, ..., r} Do
If ( & 15 available action)
Scale action probability vector p;(k) according to equation (2-8)
End if
End for
Generate map function between available actions and all actions of learning automaton
The learning automaton selects an action according to the probability vector of available actions p(k)
The environment evaluates the selected action and gives the remforcement signal fei0, 1} to the
learning automaton,
For each available action je {1, ..., m}! Do
If ( 7=0) // favorable response
The selected action by learning automaton is rewarded according to equation (2-6)
Else If ( /=1) // unfavorable response
The selected action by learning automaton is rewarded according to equation (2-7)
End if
End for
For each action je[1..... r] do
If { e 1s available action)
Rescale the probability vector of selected available action by equation (2-9)
End
End for
End While
End Algorithm

)
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Figure 2-3. Pseudo-code of action probability vector update of a variable action-set learning
automaton.

2.0.9. Network of learning automata

A network of LAs (Williams 1988) is a collection of LAs connected together as a
hierarchical feed-forward layered structure. In this structure, the outgoing link of the LAs in
the preceding layers is the input of the LAs of the succeeding layers. In this model, the LAs
(and consequently the layers) are classified into three separate groups. The first group
includes the LAs located at the first level of the network, called the input LAs (input layer).
The second group is composed of the LAs located at the last level of the network, called the
output LAs (output layer). The third group includes the LA4s located between the first and the
last layers, called the hidden LAs (hidden layer). In a network of LAs, the input LAs receive
the context vectors as external inputs from the environment, and the output LAs apply the
output of the network to the environment. This model operates as follows. The context
vector is applied to the input LAs. Each input LA selects one of its possible actions on the
basis of its action probability vector and the input signals it receives from the environment.
The chosen action activates the LAs of the next level, which are connected to this LA4. Each
activated LA selects one of its actions as stated before. The actions selected by the output
LA4s are applied to the random environment. The environment evaluates the output action in
comparison with the desired output and generates the reinforcement signal. This
reinforcement signal 1s then used by all LA4s for updating their states.

2.5.0. Distributed learning automata (DLA)

A Distributed learning automata (DLA) (Beigy and Meybodi 2006) shown in Figure 2-4 is a
network of interconnected learning automata which collectively cooperate to solve a
particular problem. The number of actions for a particular LA in DLA 1s equal to the
number of LA’s that are connected to this LA. Selection of an action by a LA in DLA
activates another LA which corresponds to this action. Formally, a DLA can be defined by a
quadruple {4, E, T, Ay), where A={4,, A,, ..., A,} 1s the set of learning automata, Fc4xA4 is
the set of edges where edge (v, v;) corresponds to action ctf of automaton A4,, T 1s the set of
learning algorithms with which learning automata update their action probability vectors,
and A4, 1s the root automaton of DLA at which activation of DL A starts.

Figure 2-4. Distributed learning automata.
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The operation of a DLA can be described as follows: At first, the root automaton A,
randomly chooses one of its outgoing edges (actions) according to its action probabilities
and activates the learning automaton at the other end of the selected edge. The activated
automaton also randomly selects an action which results in activation of another automaton.
The process of choosing actions and activating automata is continued until a leaf automaton
(an automaton which interacts with the environment) 1s reached. The chosen actions, along
the path induced by the activated automata are applied to the random environment. The
environment evaluates the applied actions and emits a reinforcement signal to DLA. The
activated learning automata along the chosen path update their action probability vectors on
the basis of the reinforcement signal according to the learning algorithms. The paths from
the unique root automaton to one of the leaf automata are selected until the probability with
which one of the chosen paths is close enough to unity. Each DLA has exactly one root
automaton which is always activated, and at least one leaf automaton which is activated
probabilistically. For example in Figure 2-4, every automaton has two actions. If automaton
A, selects n:ﬂz from its action set, then it will activate automaton A4,. Afterward, automaton A
chooses one of its possible actions and so on.

2.0. /. Applications of learning automata

In the recent years, learning automata have been used as optimization tools in complex and
dynamic environments where a large amount of uncertainty or lacking the information about
the environment exists. In the recent vyears, learning automata have been successfully
applied to a wide variety of applications such as optimization (M Hasanzadeh, Meybodi,
and Ebadzadeh 2013; Behnaz Moradabadi and Beigy 2014; Mahdaviani et al. 2015; Behnaz
Moradabadi, Ebadzadeh, and Meybodi 2016; Vafashoar and Meybodi 2016), (Behnaz
Moradabadi and Beigy 2014), image processing (Mofrad et al. 2015; Damerchilu,
Norouzzadeh, and Meybodi 2016), graph problems (A. Mousavian, Rezvanian, and
Meybodi 2013; Aylin Mousavian, Rezvanian, and Meybodi 2014; Mirsaleh and Meybodi
2016b), community detection (Amiri et al. 2013; Khomami, Rezvanian, and Meybodi 2016;
Mirsaleh and Meybodi 2016a), link prediction (B. Moradabadi and Meybodi 2016), grid
computing (M Hasanzadeh and Meybodi 2014; Mohammad Hasanzadeh and Meybodi
2015), wireless sensor networks (Safavi, Meybodi, and Esnaashari 2014; Nicopolitidis
2015), WIMAX networks (Misra, Chatterjee, and Guizani 2015), network security (Krishna
et al. 2014), wireless mesh networks (N. Kumar and Lee 2015), mobile video surveillance
(Narendra Kumar, Lee, and Rodrigues 2015), vehicular environment (N. Kumar et al. 2014;
N. Kumar, Misra, and Obaidat 2015), Peer-to-Peer networks (Saghirt and Meybodi 2016),
and cloud computing (Morshedlou and Meybodi 2014).
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Chapter 3

NETWORK MEASURES IN STOCHASTIC GRAPHS

In recent years, online social networks such as Facebook and Twirter have provided simple
facilities for online users to generate and share a variety of information about users’ daily
life, activities, events, news and more information about their real worlds which results in
the online users have become the main features of online social networks and studying how
users behave and interact with their friends in online social networks play a significant role
for analysis of online social networks. Online social networks similar to many real world
networks are usually modeled and represented as deterministic graphs with a set of nodes as
users and edges as connection between users of networks. In social networks analysis, when
networks are modeled as weighted or unweight deterministic graphs, one can study,
characterize and analyze the statistical characteristics and the dynamical behaviors of the
network and its user behaviors by some network measures (Costa et al. 2007). Popular
network measures such as degree, betweenness, closeness and clustering coefficient are
originally defined for deterministic graphs. These network measures not only used in
characterization of networks but also used as a part of some algorithms such as Girvan-
Newman community detection algorithm using high betweenness edges (Girvan and
Newman 2002), overlapping community detection using nodes’ closeness (Badie et al.
2013) and finding the outstanding nodes as a set of seed nodes for maximization of the
spread of influence in social network aims to introduce and promote a new products,
services, innovations or technologies by ranking important humans (Li et al. 2014).

Online social networks are intrinsically non-deterministic and their structures or
behaviors such as online activities of users have unpredictable, uncertain and time varying
nature and for this reason modeling those using deterministic graph models with fixed
weilghts are too restrictive to solve most of the real network problems. For example in online
social networks the online activities of users such as friendship behaviors, liking a comment
on a given post in Facebook and frequency of taking a comment on a wall post vary over
time with unknown probabilities (Jin et al. 2013). Analyzing online social networks with
deterministic graph models cannot take into consideration the continuum of activities of the
users occurring over time. Even modeling social networks with weighted graphs in which
the edge weights are assumed to be fixed weights considers only a snapshot of a real-world
network and it is not valid when the activities and behavior of users on networks vary with
time. Moreover, in analyzing online social networks not only understanding the structure
and topology of the network is important but the degree of association among the users in
network is also important for analysis of user behaviors in online social networks.
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According to the aforementioned points, it seems that stochastic graphs in which weights
associated with the edges are random variables is a better candidate as a graph model for
real-world network applications with time varying nature. By choosing a stochastic graph as
a graph model, every feature, measures and concept of the graph such as path (Beigy and
Meybodi 2006), cover, clique, and spanning tree (J. A. Torkestani and Meybodi 2012a)
should be treated as stochastic features. For example, choosing stochastic graph as the graph
model of an online social network and defining community structure in terms of clique, and
the associations among the humans within the community as random variables, the concept
of stochastic clique may be used to study community structure properties.

In this chapter, we first redefine some network measures for stochastic graphs and then
design six algorithms for computing them under the situation that the probability
distribution functions of the weights associated with the edges are unknown. The introduced
algorithms for computing network measures by taking samples from the edges of the
stochastic graph try to estimate the distribution of the network measures. The process of
sampling from the edges of the graph is guided by the aid of learning automata in such a
way that the number of samples needed to be taken from the edges of the stochastic graph
for estimating the network measures to be reduced as much as possible. In the introduced
algorithms, the guided sampling process implemented by learning automata aims to take
more samples from the promising region of the graph, the regions that reflects higher rate of
changes (i.e., higher rate of user activities), instead of walking around and taking
unnecessary samples from non-promising region of the graph.

In order to study the performance of the introduced algorithms for computing network
measures in stochastic graphs, several experimental studies on different synthetic stochastic
graphs are conducted. Experimental results show that in order to obtain good estimates for
the network measures the number of samples needed to be taken from the edges of the graph
by the guided sampling algorithms is significantly lower than the required number of
samples needed to be taken from the edges when standard sampling method is used aims to
analysis of human activities and user behaviors in online social networks.

The rest of this chapter is organized as follows. In Section 3.1, the network measures for
stochastic graphs are described. Section Error! Reference source not found. 1s dedicated
to mathematical analysis of the network measures in stochastic graphs. The introduced
algorithms for computing the network measures In stochastic graphs are described in
section 3.2 and section 3.3 gives some improvements on the first algorithm for computing
the network measures in stochastic graphs. Section 3.4 presents the simulation results.
Finally, section 3.5 concludes the chapter.

3.1. Network measures is stochastic graphs

In this section, we first define some concepts in stochastic graphs such as path and spanning
tree and then define network measures: strength, closeness, betweenness and clustering
coefficient for analysis of stochastic graphs.
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Definition 3.1 (Stochastic graph). A stochastic graph  can be described by a triple G=(V,
E, W), where V={v|, v, ..., v,} is the set of nodes, E={¢;} V<V is the edge-set, and WV is a
matrix in which w;; is a random variable associated with edge e;; between node v; and node v,
if such that edge exists.

Definition 3.2 (Stochastic path). In a stochastic graph, a path 7 with weight of w, and
length of »; from source node v, to destination node v, can be defined as an ordering
{ni,né,...,nﬁli}CV of nodes in such a way that w} = v, and II?.EH = v, are source and

. . . ) ] ] . L} . ;
destination nodes, respectively and edge e(m;_;, m;)eE for 1 <j < n,, where ] is the /' node

in path 7,

Definition 3.3 (Stochastic shortest path). Let in a stochastic graph, there are r distinct paths
[1={m, m , ...m.} between source node v, and destination node v,, path © between source
node v, and destination node v, is defined as a stochastic shortest path if and only if

W = I;l;%{wﬁi} where w_ = EE;‘::E,TE wj, is the expected weight of path m,ell and called
!

stochastic shortest path. That is a stochastic shortest path is a stochastic path with the
minimum expected weight.

Definition 3.4 (Minimum spanning tree). Let in a stochastic graph G, ®={1, ....1,} be the
set of all possible spanning trees of graph G and w,, = EE}'HETE w;;, be the weight of spanning

tree 1, where wy is the edge weight of edge ey F. Therefore, spanning tree © is the

minimum spanning tree of graph G if and only if w+ = mig{w.ﬁ}.
fjek

Definition 3.5 (Stochastic minimum spanning free). Let in a stochastic graph, ® is the set of

spanning trees of stochastic graph, stochastic spanning tree t is called stochastic minimum

spanning tree if and only if w. = ng{wri} where w_, is the expected weight of spanning
I

tree 1,€®. That 1s a stochastic minimum spanning tree is a stochastic tree with the minimum
expected weight.

Definition 3.6 (Stochastic strength). The strength of a node v; in a stochastic graph is a
random variable defined by following equation

SS(v,) = z W, (3-1)
j#i

where w;; is a random variable associated with the edge weight between node v, and node v;.

Definition 3.7 (Stochastic closeness). The closeness of node v; in a stochastic graph is a
random variable defined by equation (3-2)

(3-2)
SC(v)) =g——
X UDy;

where ED, is a random variable associated with the weight of shortest path between node v,
and node v; with minimum expected weight.
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Definition 3.8 (Stochastic betweenness). The betweenness of node v; in a stochastic graph is
a random variable SB; defined by equation (3-3)

G (Vi) (3-3)

el
SE

where G (v;) 1s the distribution of the sum of weight of shortest paths between node v, and

node v, that passes through node v; and G, is the distribution of the sum of weights of all
shortest paths between node v, and node v,.

Definition 3.9 (Stochastic clustering coefficient). The clustering coefficient of a node v, in a
stochastic graph is a random variable which can be defined as follows

_ 1 (Wij + Wig) .
SCC(v;) = (D(v) — 1).55(w) Z Z > QAjj- Ajg- Aje (3-4)

J=i k=#i,]

where D(v,) is the number of nodes adjacent to node v;, and a; is 1 if node v; is adjacent to
node v;, and 0 otherwise. S5(v;) 1s the strength of node v, and w;, 1s the random variable
associated with the weight of edge e;;.

3.2. Some algorithms for computing network measures in stochastic
graphs

In the previous section, we defined some network measures for stochastic graphs. In this
section, several algorithms based on learning automata are introduced for computing
network measures in stochastic graphs under the situation that the probability distribution
functions of the weights associated with the edges of graph are unknown. The algorithms
for computing network measures by taking samples from the edges of the stochastic graph
try to estimate the distribution of the network measures. The process of sampling from the
edges of the graph is guided by the aid of learning automata in such a way that the number
of samples needed to be taken from the edges of the stochastic graph for estimating the
network measures to be reduced as much as possible. In the algorithms, the guided sampling
process implemented by learning automata aims to take more samples from the promising
region of the graph, the regions that reflects higher rate of activities, instead of walking
around and taking unnecessary samples from non-promising region of the graph. The
algorithm after initialization phase iterates the updating phase until one of the stopping
conditions 1s met. The details of initialization phase, updating phase, and stopping
conditions are given below.

3.2.1. Initialization
Let G(V, E, W) be the input stochastic graph, where F={v,, v, ..., v,} 1s the set of nodes,

E={e;;}cVxV is the edge-set, and W={w;,;} is the set of random variables each of which is
associated with an edge weight of the input stochastic graph. It is assumed that the weight of
each edge is a positive random variable with unknown probability distribution function. The
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algorithm uses a network of learning automata isomorphic to the input graph and tries to
estimate weights of edges by sampling from the edges of the graph in such a way that the
number of samples taken from the edges of graph be reduced. Learning automaton A4,
residing in node v; has two actions as a; = {a', @} where action &' is “take sample from
the edges of chosen node v and action &2 is “do not take sample from the edges of chosen
node v”. Let p(v;) = {p!, p?} be the action probability vector of learning automaton 4, and

initialized equally p; = p? = 1/2 for all v,eV. The process of taking samples from the
edges on which a node is incident 1s governed by the learning automaton assigned to that
node. At the beginning of the algorithm, the weight of each edge is initialized with some
random samples in order to provide a coarse estimate of the weight of that edge.

3.2.72. Updating

In this phase, every learning automaton in the network chooses an action according to its
action probability vector in parallel manner. Then a sample from every edge incident on a
node whose corresponding learning automaton has chosen the action of taking sample (')
will be taken. Computation of the new estimates for the means and standard deviations of
the unknown distributions of the edge weights are then performed. Using these new
estimates, the network measure is computed for the given network and then the difference
between the computed network measure and the network measure obtained in the previous
iteration 1s computed using DDQC (equation (3-11)). Based on this difference, the
probability vectors of learning automata assigned to the nodes of the input graph are
updated according to the learning algorithm. That is, if this difference is lower than or equal
to a given error €,, then action ' of all learning automata are rewarded proportional to the
amount of improvement and penalized otherwise.

3.2.3. Stopping
Updating phase is repeated until one of the following stopping conditions is met.
* The number of iterations k exceeds a given number K,,,,..
* The difference between the computed measure in two consecutive iterations becomes
lower than a specified error E,,,. or
= The average of entropy of probability vector of learning automata reaches a predefined
value 7’,,;...

In the algorithm, the entropy is used for measuring learning process. The information
entropy for a learning automaton with r actions can be defined as follows (A. Mousavian,
Rezvanian, and Meybodi 2013):

H = — X p;.Log(p;) (3-5)

where p;, is the probability of choosing i"" action of a learning automaton. The entropy for
a learning automaton has maximum value of one when all the actions have equal

[k
n
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probabilities of choosing and has minimum value of zero when the action probability vector
is a unit vector. The pseudo-code of algorithm 1 is shown in Figure 3-1.

Algorithms 3-1. The algorithm for computing network measures in stochastic graphs

Input: Stochastic Graph GV, E, W), Network measure M. Thresholds Koo, Toine Eins €

Output: Computed network measures 0,,0,, ..., 0,, where 0; is the computed network measure for node v,

// That is 8, is the expected of ES, (Eq. (3-1) if the given network measure M, is the strength of the network.

{1 0, is the expected of £C, (Eq. (3-2) if the given network measure M, is the closeness of the network.

/! E‘ri is the expected of £, (Eq. (3-3) if the given network measure Mg 1s the betweenness of the network, and

i 0; is the expected of ECC, (Eq. (3-4) if the given network measure M,, is the clustering coefficient of the
network.

Initialization:
Create a network of learning automata isomorphic to the graph & by assigning an automaton A4; to each node v;;
Let ¢r; = {&, o} be the set of actions for learning automata A4;;
Let P={p,. pa. .... p,} be the set of action probabilities in which p={p/,p?} and initialized equally p} = p} =
1/2 forall viel’
Let & be the iteration number and initially set to 1;
Let w;; be the estimate for mean of edge weight of all samples taken from edge e; and initialized with some
random samples;

Let @f* ﬁi", e s @i be the computed network measure for the nodes at iteration A
Let G* be the network with mean edge weight at iteration k:
Begin
l.et H(k) be the entropy of learning automaton A, at iteration & and computed based on equation (3-3);
Repeat
For all learning automata do in parallel
Learning automaton A4; chooses an action according to its action probability vector;
If (a;=c') then
Take a sample from every edge on which node v, i1s incident;
Construct G* by computing the new weight for every edge on which node v, is incident;
Else
Mo action;
End if
End for
If (Meas strength)

: . ~k sk sk .
Compute new estimates for the strengths of the nodes 8. 8,, ..., 8,, using equation (3-1});
Else 1f{ Mg s closeness)

, ~k =k ~f :
Compute new estimates for the closeness 0;, 05, ..., 0, using equation (3-2);

Else If (M is betweenness)

_ sk ak  ak . _
Compute new estimates for the betweenness B, 65, ..., 8, using equation (3-3);

Else If (Mg is clustering coefficient)

Compute new estimates for the clustering coefficient ﬁf. ﬁ:, wiis ﬁ'i: using equation (3-4);
End if
Compute DDOCHG" | G*') using equation (3-11); // DDQC between consequent estimated network measures
If(k=1) Then
Compute A" = DDOC* — DDOC*"; |/ Compute the change rate between iterations &k and k-1
If (|A"] = £,) Then
Reward the chosen actions of all learning automata;
Else
Penalize the chosen actions of all learning automata;
End If
End If
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H(k) & ~ %7, Hy(k);
K —kt+1;

U“til “‘r < Khlfrﬂ.' ﬂR H{k} > Tr.rr.'rl DR |I:"-A| = -E.u.l.'rl}
End Algorithm

Figure 3-1. Pseudo-code for algorithm 1 for compute network measures in stochastic graphs.

3.3. Improvements

In the remaining part of this section some improvements of Algorithm 1 are described.
These modifications try to improve either the speed or the efficiency of the algorithm or
both of them.

3.3. 1. Improvement I

The performance of any learning automata based algorithm 1s very sensitive to learning rate
of the learning algorithm. Large value for learning rate results in increasing the speed of
convergence and decreasing the accuracy of the algorithm while small value for learning
rate results in increasing the accuracy and decreasing the speed of convergence of the
algorithm. In Algorithm 1, all learning automata use a same learning rate proportional to the
amount of improvement. It means that the algorithm in each iteration treats all nodes
equally during the execution of the algorithm. For this improvement, we use a;(k) =

ck.df (k) as the learning parameter of automaton A; at iteration & where ¢, = A*/Max(A%)
is a scaled change rate between 0 and 1 at iteration £, df (k) is an estimation of reward

probability for action a’/ computed by the algorithm at iteration k. df (k) is computed by
dividing the number of times that action a’ is chosen up to time k by automaton A, and
received reward by the number of times that automaton A4; i1s activated. In this way, the
edges which were chosen more frequently will be more probable to be chosen in the future.
As in the experiment, such a strategy will lead to higher rate of convergence and fewer
samples from the graph. Algorithm 1 in which the learning rate is adapted according to this
improvement is called Algorithm 2.

3.3.2. Improvement I1

For this improvement, we use the information entropy of a learning automaton (defined by
equation (3-5) for adaptation of learning rate of that learning automaton. The learning rate
of learning automaton A, at iteration k is computed as a(k) = c,.H{(k) where ¢, = A*/
Max(A¥) is a scaled change rate between 0 and 1 at iteration k and H,(k) is the information
entropy of learning automaton A, which reflect the uncertainty of 4; about their actions. In
this way, the nodes whose estimated edge weights have more changes will be more probable
to be chosen in the future for the sampling purpose. The results of experiment 5 show that
such a strategy will lead to a higher rate of convergence and also fewer samples taken from
the graph. Algorithm 1 in which the learning rate is adapted using the information entropy is
called Algorithm 3.
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3.3.3. Improvement I11

In algorithm 1, we may reach a point that the changes in probability action vectors of some
of the learning automata in two consecutive iterations are negligible which in this case we
may turn off these learning automata in order to prevent taking more samples from the
edges which may not lead us to a much better estimation of the edges weights and
consequently better estimate of network measures. Algorithm | in which the above
improvement is applied 1s called Algorithm 4. Experiment 5 shows that algorithm 4
comparing to algorithm 1 produces higher convergence speed for all test graphs.

3.3.4. Improvement 1V

This improvement is obtained by equipping each node with two learning automata, the first
learning automata as in algorithm 1 decides whether or not a node to be chosen and the
second learning automata (with number of actions equal to the number of nodes adjacent to
that node) decides which edge on which the node is incident must be sampled.
Experimentation shows that the utilization of another automaton in each node will lead to a
higher rate of convergence and also taking fewer samples from the edges of the graph.
Algorithm 1 in which the above improvement is used is called Algorithm 5. Experiment 2
shows that algorithm 5 produces fewer numbers of samples and higher accuracy taken from
the graph as compared to the case where the second learning automata are absent.

3.3.5. Improvement V

This improvement is obtained by combing improvements 2, 3 and 4. The resulting
algorithm is called Algorithm 6. The pseudo-code of this algorithm is given in Figure 3-2.

Algorithms 3-2, The algorithm for Computing network measures in stochastic graphs

Input: Stochastic Graph G{V, E, W), Network measure Mg, Thresholds K. Twins Emins € €p

Output: Computed network measures 8,0, ..., 0, where 8, is the computed network measure for node v,
/f That is 0; is the expected of ES; (Eq. (3-1)) if the given network measure M, is the strength of the network,

/i ; is the expected of EC; (Eq. (3-2) if the given network measure M is the closeness of the network,
{f '[1' is the expected of EB; (Eq. (3-3) 1if the given network measure Mg 1s the betweenness of the network, and
/I B; is the expected of ECC, (Eq. (3-4) if the given network measure My is the clustering coefficient of the network.
Initialization:
Create the first network of learning automata 4, isomorphic to the graph G by assigning an automaton A to each
node vy,
Create the second network of learning automata A- isomorphic to graph G by assigning an automaton A5 to each
node v;
Let o ={ea 1, @132, ..., ¢y be the set of actions for the first network of learning automata and «, ; = {-:r%i,:z.fi
is the set of actions for learning automaton A%
Let a,={ctz;. X35, ..., &z,} be the set of actions for the second network of learning automata and a; =
{aj, a3, ..., al'} is the set of actions for learning automaton L with r=|v,| actions;
Let P\={p 1. P12, ..., P1s) be the set of action probabilities of the first network of learning automata in which
p1=4pi, pis} and initialized equally pf; = pi;=1/2 for all v, V;
Let Ps={ps\. P22, .... p2ay be the set of action probabilities of the second network of learning automata in which
p2=ip3 P2 ., Py ) and initialized equally pl; = p2; = -+ = pi'=1/r, for all v,e V;

Let S, be the state of learning automaton A} and initially set to active for all learning automata 4;
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Let &k be the iteration number and initially set to 1;
Let w;; be the estimate for mean of edge weights of all samples taken from edge e, and initialized with some
random samples;

et ﬁf, @:, . {?}ﬁ be the computed network measure for the nodes at iteration &;
Let G* be the network with mean edge weight at iteration &;
Begin
Let H(k) be the information entropy of learning automaton A} at iteration & and computed based on equation
(3-5);
Repeat
For all active first learning automata do in parallel
Each learning automaton A} randomly choose an action according to its action probability vector;
If (@, =ai;) then
Learning automaton A% randomly chooses an action according to its action probability vector:
Let the chosen action be ﬂ.’ii;

Take a sample from edge e(v,. v));
Construct G* by computing the new estimate for weight of edge e(v,, v));
Else
Mo action;
End if
If (k=1 AND H{k)= Ty AND |H{K)-H{k-1)|<gp)
S, « 0 // turn off learning automaton Ai
End if
End for
If (M is strength)

; ~f ke ak . ;
Compute new estimates for the strengths of the nodes 04. 05, ..., 0, using equation (3-1);

Else If ( M 15 closeness)

. sk mk ok .
Compute new estimates for the closeness 0,. 05, ..., 8,, using equation (3-2);

Else If { Mg 1s betweenness)

_ : L . :
Compute new estimates for the betweenness 6. 05, ..., 8, using equation (3-3);

Else If (Mg is clustering coefficient)

s

Compute new estimates for the ¢clustering coefficient ﬁf, ﬁf_f, e, By using equation (3-4);
End if
Compute DDOCYG* , G using equation (3-11); // DDQC between consequent estimated network measures
If (A= 1) Then

Compute A* « DDOC* — DDOC™; i/ the change rate between iterations & and k-1

ke
. A : :
Compute ¢« —. // normalized coefficient:
Max({A®)

Compute Hik) « %E?ﬂ H;(P); // information entropy;

ad k) « ¢ H{k), // update learning parameter;
If (|A"| = €,) Then
Reward the chosen actions of both learning automata according to learning algorithm;
Else
Penalize the chosen actions ol both learning automata according to learning algorithm;
End If
End If
ke k+1;
Until (k < K,,.. OR H(k)> T, OR |AY| > £,.,,)
End Algorithm

Figure 3-2. Pseudo-code for algorithm 6 for computing network measures in stochastic graphs.
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3.4. Experiments

In this section, to study the performance of the algorithms, several computer simulations are
conducted on synthetic stochastic graphs which are generated based on well-known random
graph with their weights of edges being random variables. We use well-known computer
generated network model of Barabdasi-Albert model (BA model) as a scale-free network
with heavy-tailed degree distribution (Barabasi and Albert 1999) which is utilized widely in
literature. We set network parameters of BA model as Ne {1000, 2000, 5000, 10000} and
mg=m = 5. Other synthetic network as a small world network is Watts—Strogatz model (WS
model) (Watts and Strogatz 1998) which reflect a common property of many real networks
such as short average path length with Ne {1000, 2000, 5000, 10000}, & = 4 and p=0.2.
Also, we use well-known random network of Erdds—Rényi model (ER model) (Erdos and
Rényi 1960) which is utilized widely in literature as Ne {1000, 2000, 5000, 10000} and
p=0.2. The edge weights for these graphs are random variables with exponential
distributions whose mean are chosen randomly from set u={0.8, 1, 1.2, 1.5}. It is noted that

the chosen mean values is adopted from an empirical observations by Bild et al (Bild et al.
2015).

3.4.7. Evaluation measures

In order to evaluate the accuracy of estimations by the algorithms, we used several distance
function between real parameters and estimated parameters. In this chapter, we use
Kolmogorov-Smirnov distance statistic, skew divergence distance, Pearson's correlation
coefficient and normalized L, distance as distance measures to compare distribution
properties of the algorithms for estimating network parameters. These distance measures as
evaluating criteria are described below.

3.4.1.7. Kolmogorov-Smirnov D-statistics (KS-D)

Kolmogorov-Smirnov (KS) D-statistics 1s one of the statistical test methods commonly used
for assessment the distance between two cumulative distribution functions (CDFs). KS
measures acceptability between original distribution and estimated distribution. The result
of this test is a value between 0 and 1 that as closer as it i1s to zero. both distributions will
have a greater similarity; and as closer as it is to unit, the two distributions will show a
greater discrepancy. This measure has been defined as

KS(P,Q) = Max|P(x) — Q(x)| (3-6)

where P and O are two CDFs of original and estimated data, respectively, and x
represents the range of the random variable. So it is computed as the maximum vertical
distance between the two distributions.

3.4.1.7. Skew divergence (SD)

Skew divergence can also be used for assessment the distance between two Probability
Distribution Functions (PDF) and defined as follows
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SD(P,Q,a) = D[aP + (1 — a)Q||laQ + (1 — a)P] (3-7)

where D is the Kullback-Leibler (KL) divergence, which measures the similarity between
two PDFs P and Q that do not have continuous support over the full range of values and
a=0.99. The KL divergence is defined as follows

P(x)
Q(x)

KLPENIQE) = ), P(x)log G-8)

3.4.1.3. Pearson's correlation coefficient (PCC)

One of the good indices to measure the similarity between the estimated parameter values
and the original parameters values is Pearson's correlation coefficient (PCC) (Luo et al.
2015) and Computed as follows

PCC(P, Q) = nXipq — Quir)Qiq) (3-9)
YnXip? — Qipd)AnXiqf — (Xiq:)?
where p, and ¢, are the values of the original parameter P and estimated parameter O in
the original data and obtained samples data respectively and also » 1s the number of
elements for each parameters. If the result of PCC is much closer to 1, then the similarity of
real and estimated parameters is much better.

3.4.1.4, Normalized L, distance

In some cases, for evaluation, the distance between two positive m-dimensional real vectors
P and O are measured where P is the original vector and QO is the estimated vector.
Normalized L, distance (Ahmed, Neville, and Kompella 2014) is defined as follows

1 i — g 3-10
Li(P’Q}zﬁz.lp p.tﬂ (3-10)

3.4.1.5. Degree Distribution Quantification and Comparison (DDQC)

In this chapter, in the algorithm, DDQC measures the difference between two computed
network measures in the consecutive iterations. Recently, DDQC, as a new method for
quantification and comparison of network degree distributions is presented (Aliakbary,
Habibi, and Movaghar 2015). This method is an improved version of Janssen’s method
(Janssen, Hurshman, and Kalyaniwalla 2012) for feature extraction from the degree
distribution. The DDQC can be applied for any network measure distribution. In DDQC, the
given degree distribution divided into eight regions based on the following description and
the sum of parameter distribution in each region i1s computed as distribution percentiles. The
absolute difference between these extracted values for real and estimated distributions in the
original data and obtained samples data is considered as the distance between two
distributions as given following equation.
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8
DDQC(G,6) = ) 10:(6) - 0:(G")] (3-11)
=1

where Q(G)=(IDP(1(i))):-
is the interval distribution probability and can be computed as given below

IDP(I) = Pr(left(I)<D <right(I)) (3-12)

g 1s the set of values for eight regions of graph & and IDP(])

11111

where Lefi(R) and Right(R) is the minimum and maximum values for each interval /. The
interval 7 can be divided in two regions as fc}lluwing

r _Ieft (R(ED),EE}%( ([ZD) [2‘ i is odd

10) =< " : (3-13)

e (r ([4)) + (H)|,ﬂgm(ﬁ([;))d

where
|R(r)| = max(right(ﬂ(r)) - Ieft(R(r)), U) (3-14)
is the range length of values. The range of values is divided in four regions based on

mean and standard deviation of a network measure.
r.Dmtn:.’-‘[_ﬂ-] =l

_ ) p—=o,ul pr= —
R(D =1 [ + o] r=1 e

\[u+ 7, Dy =01

where u = Zgﬁ‘;x X Pr(x) and o° = zf;;*;?; Pr(x) X (x — u)* are the mean and
variance of the probability distribution function Pr(x) respectively, which obtained from a
network measure.

3.4.72. Experimental setup

The stopping criteria for the algorithms is either the number of iteration k reached
Kax=50xn iterations where » is the number of nodes for each instance graph or the value of
average information entropy H(k) is lower than T,,,=0.10 or the difference between the
computed measure in two consecutive iteration A¥ becomes lower than g;—0.001. The edge
weights for synthetic stochastic graphs are random variables with exponential distributions
whose mean are selected randomly from set x<{0.8, 1, 1.2, 1.5}. For all algorithms, the
reinforcement scheme used for updating the action probability vector of learning automata
1S Lpg, with ¢=0.05, 5=0.01 and a=0.01, 5=0.005 for the first and the second set of learning
automata, respectively. For algorithm 4, a learning automation 1s disabled when its
information entropy reaches 0.05. The reported results are the averages taken over 30 runs.
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In this book, we assume that the structural and behavioral parameters of online social
networks are time varying parameters which can be observed by the network. Using the
observed parameters, the network can compute different measurements such as strength,
closeness and betweenness in an ongoing fashion. The algorithm introduced in section 4 can
be used by the network as a means for observing the time varying parameters of the network
for the purpose of network’s measurements computations. The aim of this algorithm is to
collect information from the network in order to find good estimates for the network’s
measurements using fewer numbers of samples than that of standard sampling methods. The
first experiment that follows gives a hint how one can use the approach introduced in the
chapter to analyze a social network modeled as a stochastic graph. The remaining
experiments (experiments 2 through 5) study the performance of the algorithms introduced
for estimation of the network’s measurements.

3.4.3. Experimental results

3.4.3. 7. Experiment I

Using the distributions of the measures for the nodes one can analyze the user behavior and
human activities of an online social network using some statistical tests. The following
experiments elaborate on this. In this experiment, we select a set of six randomly nodes
from synthetic stochastic BA graphs and then ranked them according to their strength,
closeness, betweenness and clustering coefficient. The distributions of betweenness,
clustering coefticient, closeness and strength for these randomly selected nodes are given in
Figure 3-3 through Figure 3-6, respectively. To obtain the statistical ranking, we use multi-
comparison statistical tests using Friedman (Garcia et al. 2009) with 95% significance
interval (a=0.05). The average ranking for multi-comparison statistical tests using
Friedman’s test are presented in Table 3-1 and the results of p-values of the comparing
nodes in terms of different network measures are given in Table 3-2 through Table 3-5. The
p-value computed by Friedman’s test is 2.34E-06, which is below the significance interval
of 95% (0=0.05). Thus, a significant difference exists among the observed results. In
applications such as rumor spreading, disease propagation, and protecting critical regions
from intended attacks we need to study the problem of maximization of spread of influence
which involves ranking the set of nodes in the network according to their strengths or
closeness centralities (Li et al. 2014).
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Figure 3-3. Distributions of betweenness for some randomly selected nodes of the synthetic
stochastic BA network.
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Figure 3-4. Distributions of clustering coefficient for some randomly selected nodes of the synthetic

stochastic BA network.
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Figure 3-5. Distributions of closeness for some randomly selected nodes of the synthetic stochastic
BA network.
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Figure 3-6. Distributions of strength for some randomly selected nodes of the synthetic stochastic
BA network.

Table 3-1. Average ranking of Friedman’s test for randomly selected nodes of the synthetic
stochastic BA network.

Betweenness Clustering coefTicient Closeness Strength
Randomly Average Ranking  Average Ranking  Average Ranking  Average Ranking
selected nodes  Ranking Ranking Ranking Ranking
Node 12 5.98 6 1.99 2 2.18 2 298 3
Node 19 1.49 | 4.64 5 1.02 | 1.0 |
Node 27 2.70 2 4.34 4 2.90 3 2.01 2
Node 46 4 83 5 1.01 | 4.03 4 5.84 6
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Table 3-2. p-values of the comparing nodes on the synthetic stochastic BA networks in terms of

betweenness of nodes.

i Hypothesis Unadjusted p-value Holm p-value Shaffer p-value
15 Node 12 vs. Node 19 0.00E+00 3.33E-03 3.33E-03
14 Node 19 vs. Node 46 0.00E+00 3.5TE-03 5.00E-03
13 Node 12 vs. Node 27 0.00E+00 3.85E-03 5.00E-03
12 Node 12 vs. Node 52 0.00E+00 4. 17E-03 5.00E-03
11 Node 12 vs. Node 70 0.00E+00 4.55E-03 5.00E-03
10 Node 27 vs. Node 46 0.00E+00 5.00E-03 5.00E-03
9 Node 46 vs. Node 52 0.00E+00 5.56E-03 7.14E-03
8 Node 46 vs. Node 70 0.00E+00 6.25E-03 T.14E-03
7 Node 19 vs. Node 70 0.00E+00 T.14E-03 T.14E-03
6 Node 19 vs. Node 52 0.00E+00 8.33E-03 8.33E-03
5 Node 19 vs. Node 27 0.00E+00 |.O0OE-02 1.25E-02
1 Node 12 vs. Node 46 0.00E+00 1.25E-02 1.25E-02
3 Node 27 vs. Node 70 1.12E-02 1.67E-02 1.67E-02
) Node 27 vs. Node 52 2.20E-02 2.50E-02 2.50E-02
1 Node 52 vs. Node 70 8.06E-01 5.00E-02 2.50E-02

MNote: Holm's procedure rejects those hypotheses that have an unadjusted p-value = 5.00E-02; Shaffer's procedure rejects those hypotheses that have
an unadjusted p-value =3 33E-03.

Table 3-3. p-values of the comparing nodes on the synthetic stochastic BA networks in terms of clustering coefficient of nodes.

i Hypothesis Unadjusted p-value Holm p-value Shaffer p-value
15 Node 46 vs. Node 52 0.00E+00 3.33E-03 3.33E-03
14 Node 12 vs. Node 52 0.00E+00 3.57E-03 5.00E-03
13 Node 19 vs. Node 46 0.00E+00 3.85E-03 5.00E-03
12 Node 27 vs. Node 46 0.00E+00 4.17E-03 5.00E-03
11 Node 52 vs. Node 70 0.00E+00 4.55E-03 5.00E-03
10 Node 12 vs. Node 19 0.00E+00 5.00E-03 5.00E-03
G Node 12 vs. Node 27 0.00E+00 5.56E-03 7.14E-03
8 Node 46 vs. Node 70 0.00E+00 6.25E-03 7.14E-03
7 Node 27 vs. Node 52 0.00E+00 7.14E-03 7.14E-03
6 Node 19 vs. Node 70 (0_O0EA+00 8. 33E-03 8. 33E-03
5 Node 19 vs, Node 52 0.00E+00 .ODE-02 1.25E-02
4 Node 27 vs. Node 70 0.00E+00 1.25E-02 1.25E-02
3 Node 12 vs. Node 70 0.00E+00 1.67E-02 1.67E-02
2 Node 12 vs, Node 46 0.00E+00 2.50E-02 2.50E-02
1 Node 19 vs. Node 27 9.24E-03 5.00E-02 5.00E-02

Mote: Holm's procedure rejects those hypotheses that have an unadjusted p-value = 3. 33E-03; Shaffer's procedure rejects those hypotheses that have
an unadjusted p-value =3 33E-03.

Table 3-4. p-values of the comparing nodes on the synthetic stochastic BA networks in terms of
closeness of nodes.

i Hypothesis Unadjusted p-value Holm p-value Shaffer p-value
15 Node 19 vs. Node 70 0.00E+00 3.33E-03 3.33E-03
14 Node 19 vs. Node 52 0.00E+D0 3.57TE-03 5.00E-03
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13 Node 12 vs. Node 70 0.00E+00 3.85E-03 5.00E-03
12 Node 27 vs. Node 70 0.00E+00 4.17E-03 5.00E-03
11 Node 19 vs. Node 46 0.00E+00 4.55E-03 5.00E-03
10 Node 12 vs. Node 52 (0_O0E+00 5.00E-03 5.00E-03
9 Node 27 vs. Node 52 0.00E+0() 5.56E-03 7.14E-03
8 Node 46 vs. Node 70 0.00E+D0 6.25E-03 7.14E-03
7 Node 19 vs. Node 27 0.00E+D0 7.14E-03 7.14E-03
6 Node 12 vs. Node 46 0.00E+D0 8.33E-03 8.33E-03
5 Node 12 vs. Node 19 0.00E+00 1.00E-02 1.25E-02
4 Node 27 vs. Node 46 0.00E+D0 1.25E-02 1.25E-02
3 Node 52 vs. Node 70 (0_00E+00 1.67E-02 1.67E-(2
2 Node 46 vs, Node 52 0.00E+00 2.50E-02 2.50E-02
1 Node 12 vs. Node 27 0.00E+D0 5.00E-02 S.00E-02

MNote: Holm's procedure rejects those hypotheses that have an unadjusted p-value = 3. 33E-03; Shaffer's procedure rejects those hypotheses that have
an unadjusted p-value <3.33E-03.

Table 3-5. p-values of the comparing nodes on the synthetic stochastic BA networks in terms of
strength of nodes.

i Hypothesis Unadjusted p-value Haolm p-value Shaffer p-value
15 Node 19 vs. Node 46 0.00E+00 3.33E-03 3.33E-03
14 Node 19 vs. Node 70 0.00E+00 3.57E-03 5.00E-03
13 Node 27 vs. Node 46 0.00E+00 3.85E-03 5.00E-03
12 Node 27 vs. Node 70 0.00E+00 4.17E-03 5.00E-03
11 Node 19 vs. Node 52 0.00E+00 4.55E-03 5.00E-03
10 Node 12 vs. Node 46 0.00E+00 5.00E-03 5.00E-03
9 Node 12 vs. Node 70 0.00E+00 5.56E-03 7.14E-03
8 Node 27 vs. Node 52 0.00E+00 6.25E-03 7.14E-03
fs Node 12 vs. Node 19 0.00E+00 T.14E-03 7.14E-03
6 Node 46 vs. Node 52 0.00E+00 8.33E-03 8.33E-03
5 Node 52 vs. Node 70 0.00E+00 1.00E-02 1.25E-02
4 Node 12 vs. Node 52 0.00E+00 1.25E-02 1.25E-02
3 Node 19 vs. Node 27 0.00E+00 1.67E-02 1.67E-02
2 Node 12 vs. Node 27 0.00E+00 2.50E-02 2.50E-02
1 Node 46 vs. Node 70 0.00E+00 5.00E-02 5.00E-02

Mote: Holm's procedure rejects those hypotheses that have an unadjusted p-value £ 3 33E-03; Shafter's procedure rejects those hypotheses that have
an unadjusted p-value =3 33E-03.

3.4.3.7. Experiment 11

In this experiment, we compare the number of samples required by the algorithms in order
to reach certain accuracy with the number of samples needed by the standard sampling
method (SSM) to reach the same accuracy. In order to have a fair comparison, both the
algorithm and SSM must use the same confidence level 1-£ The algorithm may reach the
confidence level of 1-£ by a proper choice of learning parameter a. According to appendix
C, such learning parameter can be estimated using ax/(e®* — 1) = max;,;(d;/d;) where

d; 1s the reward probability of action «,. Based on the SSM, to obtain a certain confidence
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level 1-£ for a subset of edges in stochastic graph, we need to build a confidence level 1-g;

for each edge ¢; such that ¢ = 7%, & /m. In this experiment, same confidence level 1-g; is
assumed for all edges of the stochastic graph. The minimum required number of samples for
each edge of graph for SSM is computed subject to p[|x,, — u| < 8|21 — &, where §-0.01.

For this experimentation, error rate & varies from 0.3 to 0.05 with increment 0.05
(confidence levels 0.7 to 0.95) for the algorithms. Different synthetic stochastic graphs with
size from 1000 to 10000 are used. The results of this experimentation are averages taken
over all the test networks with respect to edge sampling rate (ESR) which is defined as the
average number of samples that is needed to be taken from each edge of stochastic graphs to
reach a certain confidence interval (Cl). The average and standard deviation of ESR are
given in Table 3-6 through Table 3-8 for synthetic stochastic ER, BA and WS graphs,
respectively. In order to show the significant statistical difference among the algorithms, a
non-parametric statistical test called Wilcoxon rank sum test is conducted for independent
samples (Garcia et al. 2009; Wilcoxon 1945) at the 0.05 significance level. In Table 3-6
through Table 3-8, the test result regarding corresponding Algorithm versus Algorithm 6 is
shown as “77, “§” and “*=" when corresponding algorithm is better than, worse than, and
similar to that of Algorithm 6, respectively. From the results, several conclusions can be
made: 1) For all the algorithms, the average number of samples taken from each edge of
graph 1s fewer than the number of samples taken using SSM for all synthetic stochastic
graphs and different confidence levels; 2) From the results, we may observe that Algorithm
6 requires the lowest number of samples from each edge as compared to algorithms 1
through 4 for all synthetic stochastic graphs and different confidence levels.

Table 3-6. Average results [+ standard deviation (std)] for SSM and the algorithms for synthetic
stochastic ER graphs with different error rates in terms of ESR.

Cl

0.7 0.75 0.8 0.85 0.9 0,95
Methods

SSM 24.54+077° 3000108 3698+134° 4642+169° 6026+220° 85.15+3.13°
Algorithm 1 049+282% 1266+362° 1746+306° 2450+527°  3137+608 5238749
Algorithm 2 972+ 143"  12.19+£1.62° 1440+224% 19.78+433" 2650+£257° 48.03+923%
Algorithm 3 895+1.21° 11224095 13.93+0.79° 1824+367° 24744624  4344+622°
Algorithm 4 1021 +395% 12524401 1684+560° 24354685 3236+£1004° 50.77+831°
Algorithm 5 7.72£147° 895+1.55° 12.12+075% 1555+281° 2143257 4043+682°
Algorithm 6 7.49 £ 138 939+ 1.42 11.78+0.54  14.56+ 1.87 20.82 + 2,68 42,72 + 8.69

MNote: ¥ and “§" mdicate a (.03 level of sigmficance by Wilcoxon rank sum test. 17, “§" and “=" denote that the performan ce of the corresponding
algorithm is better than, worse than, and similar to that of Algorithm 6, respectively.

Table 3-7. Average results [+ standard deviation (std)] for SSM and the algorithms for synthetic
stochastic BA graphs with different error rates in terms of ESR.

Cl

(0.7 0.75 0.8 0.85 0.9 0.95

Methods

SSM

24 .66 + 3.39%

30.16 + 2 28"

37.19+ 2.82%

40

46.65 + 3.55¢

60.59 + 4 5%

85.62 + 659"
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Algorithm 1
Algorithm 2
Algorithm 3
Algorithm 4
Algorithm 5
Algorithm 6

927+1.74°
977+1.19°
8924132
10.09 £ 0.49°
7.51 £1.53°
7.291.52

12.83 + 1.70°
1248 + 1.36°
11.98 +2.09°
11.91 41,19
875+ 1.13°
831 +1.8]

15.04 +1.78°
15.55 £ 2.24°
15.36 + 4.43°
14.30 + 1.49°
11.46 + 1 87°
10.51 £ 1.84

19.19 + 1.94°
19.56 +2.15°
21.19 £ 7.70°
17.75 + 1.94°
16.04 + 1,25
14.88 + 1.63

2718 +2.57°
2498 +2.53°
23.50+223°
24,95 + 3.56°
21.72 4+ 328"
2130+ 576

43.45 +4.39°
42.62 + 5.86°
38.61 £281°
40.59 + 6.18*
35.22 + 6.89°
30.86 +3.03

MNote: 1" and “§" mdicate a (.05 level of sigmficance by Wilcoxon rank sum test. 17, “§" and “=" denote that the performance of the comresponding
algonthm 1s better than, worse than, and similar to that of Algonthm 6, respectively.

Table 3-8. Average results [+ standard deviation (std)] for SSM and the algorithms for synthetic
stochastic WS graphs with different error rates in terms of ESR.

- - 0.7 0.75 0.8 0.85 0.9 0.95
SSM 2558+ 0.80° 3129+1.10° 3858+136" 4842+173% 6290+224° 88894319
Algorithm 1 1092+ 1.42% 1343+217° 1587+268" 1884+215° 2885+678° 4761 +880°
Algorithm 2 9.65 = 1.08° 1221263  1625+£3.01° 18.72x3.01° 2692+563° 4357+9.17°
Algorithm 3 9.89 + 1 45° 11212120  1562+447°  1934+545%  2507+468° 4507+6.14°
Algorithm 4  9.17 £0.73° 1095+ 1.19°  1482+1.52° 1782248 2604+499° 4527+683°
Algorithm 5 8.73x1.10°  9.88+1.35 12.54+£1.02° 16.17+£1.62° 2128+346° 41.83+462°
Algorithm 6  8.04 =121 917 +1.39 11.22+1.08 1500162 1954+294  3886+422

Mote: “+7 and “§" indicate a 0.05 level of significance by Wilcoxon rank sum test. “+7, “§” and “=" denote that the performance of the corresponding
algorithm is better than, worse than, and similar to that of Algorithm 6, respectively.

Moreover, a multi-comparison statistical tests using Friedman and Iman—Davenport with
95% confidence level (a=0.05) among the algorithms are also conducted (Garcia et al.
2009) for all synthetic stochastic graphs. As a statistical analysis, Friedman’s test 1s first
applied to obtain rankings. To obtain the adjusted p-values for each comparison between the
control algorithm (the best-performing one) and the other algorithms, Nemenyi, Holm and
Shaffer tests are conducted as post-hoc methods (if significant differences are detected). The
rankings obtained by Friedman’s test are presented in Table 3-9. The p-value computed by
Friedman’s test is 4.64E-11, which is below the significance interval of 95% (a=0.05).
Thus, a significant difference exists among the observed results. Post-hoc methods
(Nemenyi, Holm and Shaffer tests) are also performed to obtain the adjusted p-values.
Table 3-10 shows the adjusted p-values of the Nemenyi, Holm and Shaffer tests. According
to the results of statistical significance in Table 3-9, one can conclude that Algorithm 6
outperforms the other algorithms in terms of average number of samples taken from each
edge.

Table 3-9. Average ranking of Friedman’s test of comparison algorithms on the stochastic test

networks.
Test results Algorithm 1 Algorithm 2 Algorithm 3 Algorithm 4 Algorithm 5 Algorithm 6
Average ranking 5.38 4.61 3.77 4.22 1.88 .11
Ranking 6 5 3 4 2 1

Table 3-10. p-values of the comparing algorithms on the stochastic test networks.
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i Hvpothesis Unadjusted p-value Nemenyi p-value Holm p-value Shaffer p-value
15 Algorithm 1 vs. Algorithm 6 0.00E+00 0.00E+00 0.00E-+00 0.00E+00
14 Algorithm 1 vs. Algorithm 5 (. O0E+00 (. O0E+00 0.00E-+00 0.00E+00
13 Algorithm 2 vs. Algorithm 6 0.00E+00 0.00E+00 0.00E+00 0.00E+00
12 Algorithm 4 vs. Algorithm 6 1.00E-06 9. 00E-06 T.00E-06 6. 00E-06
11 Algorithm 2 vs. Algorithm 5 1.30E-05 1 .90E-04 1 40E-04 1.27E-04
10 Algorithm 3 vs. Algorithm 6 1.90E-05 2.85E-04 1. 90E-04 1.90E-04
9 Algorithm 4 vs. Algorithm 5 | .83E-04 2.74E-03 1 .65E-03 1.28E-03
8 Algorithm 3 vs. Algorithm 5 2.45E-03 3 .68E-02 1. 96E-02 1.72E-02
7 Algorithm 1 vs. Algorithm 3 9.78E-03 | 47TE-01 6.85E-02 6.85E-02
6 Algorithm 1 vs. Algorithm 4 6.14E-02 9.21E-01 3.68E-01 3.68E-0]
5 Algorithm 2 vs. Algorithm 3 1.81E-01 2. 712E+00 Q.07E-01 71.26E-01
4 Algorithm 5 vs. Algorithm 6 2.12E-01 3. 18E+00 9.07E-01 8.49E-01
3 Algorithm 1 vs. Algorithm 2 2.12E-01 3. 18E+00 9.07E-01 8.49E-01
2 Algorithm 3 vs. Algorithm 4 4. 7T6E-01 7. 14E+00 9.52E-01 9.52E-01
| Algorithm 2 vs. Algorithm 4 5.33E-01 T.99E+00 9.52E-01 9.52E-0]

MNote: Nemenyt's procedure rejects those hypotheses that have an unadjusted p-value < 6 67E-03; Holm's procedure rejects those hypotheses that have
an unadjusted p-value = 1.67E-02; Shaffer's procedure rejects those hypotheses that have an unadjusted p-value = 6.67E-03.

3.4.3.3. Experiment III

This experiment is conducted to study the performance of the algorithms (Alg. 1, Alg. 2,
Alg. 3, Alg. 4, Alg. 5 and Alg. 6) and standard sampling method (SSM) for sampling from
stochastic graphs in terms of different distance metrics. For this experimentation, different
synthetic stochastic graphs (BA, WS and ER) with size from 1000 to 10000 are used. The
results of this experimentation are averages taken over all the test networks with respect to
different distance metrics: Kolmogorov-Smirnov (KS) distance, skew divergence (SD),
normalized L, distance (ND) and Pearson's correlation coefficient (PCC) for estimated
measures including: betweenness, clustering coefficient, closeness and strength. The results
of average and standard error with 95% confidence interval of mentioned metrics are given
in Figure 3-7 through Figure 3-9 for synthetic stochastic graphs. From Figure 3-7 through
Figure 3-9, Algorithm 6 outperforms other algorithms and standard sampling method for all
test graphs and standard sampling method achieves the low accuracy in terms of KS, SD,
ND and PCC for mentioned metrics. For all test graphs, the results for betweenness,
clustering coefficient and strength is more reliable than the results for closeness in terms of
KS, SD and ND. Also, the results for betweenness in terms of ND are larger than the results
for other metrics.
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Figure 3-7. Comparing results of average KS distances, averape skew divergence, average normalized L, distance and average Pearson’s
correlation coefficient over betweenness, clustening coefficient, closeness and strength for synthetic stochastic ER graphs.
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Figure 3-8. Comparing results of average K5 distance, average skew divergence, average normalized L, distance and average Pearson’s
correlation coefTicient over betweenness, clustering coefficient, closeness and strength for synthetic stochastic BA graphs.
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Figure 3-9. Comparing results of average KS distance, average skew divergence, average normalized L, distance and average Pearson’s
correlation coefficient over betweenness, clustering coefficient, closeness and strength for synthetic stochastic WS graphs.

3.4.3.4. Experiment IV

This experiment is conducted to compare the algorithms (Algorithm 1 and algorithm 6) with
the pure chance algorithm (algorithm 1 in which the leaning automaton residing in each
node is replaced by a pure chance automaton) with respect to the number of samples taken
from the edges of the graph. In pure chance automaton, the actions are chosen with equal
probabilities. In order to perform this experiment, we plot average number of samples
taking from each edge of graph (ESR) during the execution of the algorithms for computing
network measures versus iteration number for both algorithms (Algorithm 1 and Algorithm
6) and pure chance algorithm. The results of this experiment are taken averages for each
synthetic stochastic test graphs and are given in Figure 3-10. In Figure 3-10, the points
along the curves show the average value and the error bars represent 95% confidence
interval. As it is shown, as the algorithms proceeds, the number of samples taken from each
edge (ESR) abundantly increases in initial iterations for all algorithms and then reduces and
gradually approaches zero for Algorithm 1 and Algorithm 6, however ESR value for pure
chance algorithm remains unchanged. This implies that for the algorithms, the average
number of samples taken from each edge of the graph gradually approaches zero. And also
it is done with fewer numbers of samples taken from the graph as compared to the case
where learning is absent that indicates the important impact of learning on the superiority of
the learning automaton based algorithms for computing network measures in stochastic
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graphs. From the error bars shown in Figure 3-10, we conclude that the variances in the
results decreases as the iteration number increases. According to the results for comparison
among network models, we can see that for Synthetic stochastic ER graphs, the average
number of samples taking from each edge of graph is much more than that of both Synthetic
stochastic BA and WS graphs. Similar result can be obtained for other algorithms.
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Figure 3-10. The plot of average cumulative ESR versus iteration number for stochastic test graphs.

3.4.3.5 Experiment V

In this experiment, we study the convergence behavior of the algorithms using information
entropy (as defined in equation (3-5)) of probability vector of learning automata residing in
the nodes of the graph responsible for deciding whether or not taking samples from the
edges of graph. For this purpose, for each algorithm we plot the average information
entropy taken over all leaning automata residents in the nodes versus iteration number as
given In Figure 3-11 for three kinds of synthetic stochastic graphs as mentioned before (ER-
2000, ER-5000, ER-10000; BA-2000, BA-5000, BA-10000; WS-2000, WS-5000, WS-
10000). As it is shown, for every algorithm the average entropy decreases as the algorithm
proceeds. Using the fact the average entropy decreases as the algorithm proceeds and also
the result of previous experiment, we may conclude that the learning automaton of each
node gradually converges to the action of “do not take sample from the edges of chosen
node”. We can also conclude that Algorithm 2 has the highest and Algorithm 6 has the
lowest speed of convergence. The convergence behaviors of the algorithms among the
network models indicate that the difference between algorithms 5-6 and algorithms 1-4 for
synthetic stochastic small world graphs is more obvious than other network models.
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Figure 3-11. Comparison of convergence behaviors of the algorithms with respect to the
information entropy for synthetic stochastic graphs.

3.4.4. Discussion

This study argued about the important role of activities of online users as the main features
of online social networks for generating and sharing information through social networks. In
general, activities of users in online social networks such as interacting with their friends,
answering comments of their friends, participating in online communities, posting and
sharing new information contents on the page of their friends, visiting profile pages of their
friends, taking comment or like on a post of their friends are considered as the weights
associated with the edges of graph and due to nature of user activities in social network
these weights may be uncertain, unpredictable and time-varying. Therefore in this study, we
that stochastic graphs, in which weights associated with the edges are random variables,
may be a better candidate as a graph model for social network analysis. We assumed that
the structural and behavioral parameters of online social networks which are time varying
parameters can be observed by the network analyzers. Using the observed parameters, the
network analyzers can compute different measurements such as strength, closeness and
betweenness in an ongoing fashion. For example, one may want to find a user which can
influence a large number of users by spreading of influence in a social network for
marketing goals or control the information flows over communication between other users
for managing misinformation. This may be easily realized by computing network
centralities using one of the algorithms as the network operates. The algorithms for
computing network measures can be used by the network analyzers as a means for
observing the time varying parameters of the network for the purpose of network’s
measurements computations.
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In the simulation, it was showed that modeling social networks as stochastic graph
models by applying the framework of learning automation can be very beneficial to reach
good results with a certain confidence level. Since, in many fundamental studies,
researchers generate synthetic graphs similar to real networks in order to further simulations
and investigate a number of phenomena on a computer generated graph models in order to
be able to exploit their structures and dynamics of a network in a systematic manner, in the
simulation, it was used several synthetic stochastic networks such as Barabasi-Albert model
(Barabasi and Albert 1999) as a synthetic scale-free network, Wartts—Strogaiz model (Watts
and Strogatz 1998) as a synthetic small world network and Erdds—Rényi model (Erdos and
Rényi 1960) as a synthetic random network in which edge weights are assumed to be
random variables with exponential distributions. Furthermore, it was indicated that how the
algorithms can collect information from the network in order to find good estimates for the
network’s measurements using fewer numbers of samples than that of standard sampling
methods. The overall results confirm that using two set of learning automata can be achieve
better results than that of one set of learning automata in terms of accuracy and convergence
behavior.

Analyzing social networks and its user behavior with stochastic graph models can be
applied for some applications. Such application can be in viral marketing in such a way that
companies want to exploit user behavior models and then spread or promote their new
products or services to predict the user interactions and process of adoption of an idea or
spread them. Another example can be in domain of knowledge based systems by
understanding the patterns of user participation to generate new contents, propagating
information on the networks via users, detecting active users from spamming users,
attracting new users and keeping some users, predicting the trends of topics in user
communities, and performing efficient content management.

In summary, due to important role of modeling user behavior of online social networks in
quantitative manner and variety of user interactions on the structure of social networks,
analyzing social networks with stochastic graph models may be a better candidate as a graph
model for analysis of social network and its user behaviors which can take into
consideration the continuum of behavioral parameters of network occurring over time.

3.5. Conclusion and future directions

3.5.7. Conclusion

The conventional social network models solely consider either the existence of connections
between users in the form of binary networks or consider fixed weights for the edges in the
form of weighted networks. In this chapter, stochastic graph has been introduced as a model
for social networks and then redefined some of the social network measurements to be
applicable to stochastic graphs. Also several algorithms based on learning automata were
designed for finding good estimations of these measurements for the purpose of analysis.
We believe that the approach introduced in this chapter for modeling and analysis of social
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networks can provide a better way for studying online social networks such analysis of user
behavior and online human activities.

3.5.7. Future directions

This book has made a positive contribution towards using stochastic graph as a graph model
of social networks. Besides, as the notable achievements of this book, it opens up several
avenues and directions for further study and research, some of which are given below.

e In this book, we defined several network measures for stochastic graph and then
introduced several algorithms for computing these measures. Closed form for the
distribution of network measures in stochastic graphs were obtained when the
weights associated with the edge weights are exponential random variables.
Mathematical analysis of these network measures can be pursued, considering other
type of distributions such as Pareto distribution, Weibull distribution, and Rayleigh
distribution.

e In this book, we introduced several learning automata based algorithms for
computing estimations of the networks measures in stochastic graphs. These
algorithms can be extended, considering other type of learning automata models such
as continuous action set learning automata, Bayesian learning automata, and so on.

e In this book, we assumed that the structural and behavioral parameters of online
social networks are time varying parameters which can be observed by the network.
There are situations that the value of these parameters may be noisy because of
existence of fake/spam users or may not be available for some reasons such as
privacy setting limitation of some social networks. The algorithms presented in this
book need to modify to take into consideration such situations.
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